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Robust Machine Tool Thermal
Error Modeling Through Thermal
Mode Concept
Thermal errors are among the most significant contributors to machine tool errors.
Successful reduction in thermal errors has been realized through thermal error compen-
sation techniques in the past few decades. The effectiveness of thermal error models
directly determines the compensation results. Most of the current thermal error modeling
methods are empirical and highly rely on the collected data under specific working
conditions, neglecting the insight into the underlying mechanisms that result in thermal
deformations. In this paper, an innovative temperature sensor placement scheme and
thermal error modeling strategy are proposed based on the thermal mode concept. The
modeling procedures for both position independent and position dependent thermal er-
rors are illustrated through numerical simulation and experiments. Satisfactory results
have been achieved in terms of model accuracy and robustness.
�DOI: 10.1115/1.2976148�
ntroduction
The importance of enhancing machine tool accuracy has been

ell recognized in both industry and academia in the past few
ecades, largely due to the increasing demands for products with
etter quality and tighter tolerances while still maintaining high
roductivity. The machine tool accuracy directly determines the
imensional accuracy of machined products. The most significant
actor influencing the machine tool accuracy is the thermal error,
hich accounts for 40–70% of total machine tool errors �1�. In-

ernal and external heat sources can cause thermal deformations in
achine tool structures far beyond the acceptable dimensional

olerances of common machined products.
Researchers have been investigating the influences of thermal

rrors on the machine tool accuracy and seeking solutions to re-
uce these errors for decades. Examples of successful thermal
rror reduction with the aid of error compensation techniques
ave been demonstrated in both research laboratories and indus-
rial facilities �2–6�. However, the accuracy and robustness of the
hermal error models are still considered as the major barriers
reventing widespread application of thermal error compensation
7�.

Some researchers concentrated on the development of thermal
rror models by using various modeling methodologies. These
ethods include polynomial regression �2,4�, artificial neural net-
orks �8–11�, and system identification �12–14�. The locations of

he temperature sensors are generally selected to be as close as
ossible to heat sources in most researches. Consequently, either
he deficient number or the improper locations of the temperature
ensors undermines the effectiveness of the thermal error models.
o resolve this problem, statistical methods are employed to
hoose temperature sensors at certain key positions from an ex-
essive number of sensors mounted on the machine according to
he ranked contributions to a specified measure �15–17�. In gen-
ral, an extensive amount of time and effort is required for the
achine characterization, variable selection, and model training to

evelop a machine tool thermal error model �7�.
The abovementioned methods are mostly empirical, and the

hermal error models thus derived are sensitive to the specific
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model training conditions of each study. One of the main reasons
is that the essence of the underlying thermal deformation process
has been neglected. Very limited research has been done to reveal
the importance of thermo-elastic relationship in machine tools. Lo
�18� illustrated the hysteresis effect between temperature and de-
formation of a simplified spindle model. Ma et al. �19� provided
an analytical description and pointed out the dependence of tem-
perature sensor locations on the frequency of heat inputs due to
the effects such as machining cycles and daily shifts.

Ma �20� proposed a thermal deformation modal analysis to fur-
ther explore the thermo-elastic relationship using the finite ele-
ment analysis �FEA�. However, Ma was not able to develop ex-
perimental methods to realize the thermal deformation modal
analysis. Similar to the dynamic modal analysis, a small number
of significant modes are supposed to dominate the entire thermal
deformation process. If temperature sensors are mounted on cer-
tain locations to capture these dominant modes, more accurate and
robust thermal error models would be developed correspondingly.
Many schemes already exist for optimal sensor placement to ana-
lyze dynamic systems, including covariance matrix �21�, eigen-
system realization �22�, modal kinetic energy �23�, and effective
independence �24� approaches. Those schemes could be modified
to resolve the conceptually similar thermal deformation problems.

In this paper, a new temperature sensor placement strategy is
presented based on the thermal modal analysis. The purpose of
this strategy is to acquire the dominant thermal modes in the ther-
mal deformation process. The linear independence between col-
lected temperature data sets is thus increased to enhance the ther-
mal error model estimation accuracy. In addition, the existence of
thermal modes is practically unveiled in machine tool elements.
The effectiveness of the derived thermal error models based on
this proposed approach will be verified through both simulation
and experiments.

The rest of this paper will be arranged as follows. In Sec. 2, the
thermal modal analysis is first introduced. The temperature sensor
placement and thermal error modeling based on the thermal mode
concept will be discussed in Sec. 3. The validity of this approach
will be demonstrated through numerical simulation in Sec. 4 and
experiments in Sec. 5.

2 Thermal Modal Analysis

2.1 Thermal Modes. FEA has been exploited by some re-

searchers investigating the machine tool thermal errors in order to
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onsolidate the conventionally empirical approaches �25–28�. Fi-
ite element modal analysis is also used to resolve dynamics
21–24� and heat transfer problems �29,30�. However, finite ele-
ent modal analysis is seldom utilized to explore the essence of
achine tool thermo-elastic problems, even though the similar

dea of decomposing a complicated system into simpler sub-
ystems without the loss of substantial characterization has been
roposed. Matsuo et al. �31� evaluated the steady-state tempera-
ure and the rate of temperature rise of a machine tool structure to
horten the machine warm-up period based on the modal analysis.
eck et al. �32� expressed the measured thermal errors in re-

ponse to a steplike thermal load as a sum of two exponential
unctions, which were named modes. Ahn and Chung �33� de-
igned an observer to estimate the temperature distribution and
xpansion of a ball screw system based on the modal analysis of
ne-dimensional heat transfer problem.

To perform the thermal modal analysis, the finite element solu-
ion of the underlying heat transfer problem needs to be solved,
hich requires the integration of coupled differential equations of

he form

�CT��Ṫ�t�� + �KT��T�t�� = �Q�t�� �1�

here �CT� is the heat capacity matrix, �KT� is the heat conduc-
ivity matrix, �T�t�� is the nodal temperature vector, and �Q�t�� is
he nodal thermal load vector.

The eigen-problem �20� associated with Eq. �1� is

Fig. 1 Simplified spindle model

Fig. 2 First four thermal modes with temper

mode II, „c… mode III, and „d… mode IV
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�KT���T� = �CT���T���� �2�

where ��� is a diagonal matrix composed of all the eigenvalues,
�i, and ��T� is the corresponding eigenvector matrix. Theoreti-
cally, �i is the reciprocal of the corresponding time constant

�i =
1

�i
�3�

where �i and �i are the ith eigenvalue and time constant, respec-
tively. The time constant describes how quickly the mode re-
sponds to thermal loads.

Similar to the dynamic modal analysis, each mode includes one
eigenvalue and eigenvector. The smallest eigenvalue, or the larg-
est time constant, corresponds to the lowest mode. The thermal
modes, including time constants and the corresponding tempera-
ture fields, are the intrinsic properties of a machine tool structure
and its working conditions. They are independent of the magni-
tudes or the locations of thermal loads.

In the modal analysis, the eigenvector matrix ��T� is used as a

Table 1 Geometric parameters and material properties of the
spindle

Material properties Value Unit

Heat conduction coefficient k 60.5 W/m K
Heat capacity c 434 J/kg K

Density � 7.8�103 kg /m3

Heat convection coefficient h 20 W /m2 K
Thermal expansion coefficient � 10.8 �m /m K

Young’s modulus E 120 GPa
Poisson’s ratio 	 0.25

Length L 1.0 m
Area A 0.0314 m2

re fields and time constants: „a… mode I, „b…
atu
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ransformation matrix to decouple Eq. �1�. Nodal temperature
T�t�� is then transformed into modal temperature �
�t��,

�T�t�� = ��T��
�t�� �4�
Substituting Eq. �4� into Eq. �1� and multiplying both sides by

�T�T,

��T�T�CT���T��
̇�t�� + ��T�T�KT���T��
�t�� = ��T�T�Q�t�� �5�

here ��T�T�CT���T� is the modal heat capacity matrix,
�T�T�KT���T� is the modal heat conductivity matrix, and
�T�T�Q�t�� is the modal thermal load.

Since the eigenvector is �CT� orthonormal, the modal heat con-
uctivity and capacity matrices satisfy

��T�T�CT���T� = �I� �6�

��T�T�KT���T� = ��� �7�
Introducing Eqs. �6� and �7� into Eq. �5�

�
̇�t�� + ����
�t�� = ��T�T�Q�t�� = ���t�� �8�

here ���t�� is the modal thermal load vector.
Equation �8� is decoupled and can be expressed as a set of

ingle variable, first order differential equations


̇i�t� +

i�t�

�i
= �i�t� �9�

here �i�t� denotes the modal thermal load. If a step-like heat
nput is imposed, the solution to Eq. �9� is


i�t� = �i�i�1 − e−t/�i� �10�
A step input is widely used for the analysis of linear systems.

he thermal load variation of a machine tool can also be approxi-
ated as a serial combination of step inputs. The overall tempera-

ure response is thus regarded as the superposition of the thermal
odes.
In practice, heat capacity matrix, heat conductivity matrix, and

odal thermal load vector are extracted by using MSC/NASTRAN

irect matrix abstraction program �DMAP�. The time constants
nd temperature field mode shapes are then obtained by
igen-analysis.

Fig. 3 Weight distribution of thermal modes
Fig. 4 Heat input for spindle expansion simulation
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2.2 Mode Truncation. One advantage of thermal modal
analysis is that the entire thermal deformation process of a ma-
chine tool is represented by several dominant thermal modes. To
do this, the weight of each mode is defined as

wi = ��i�i� �11�

where �i denotes the modal thermal load and �i is the time con-
stant of each mode. The magnitude of the weight quantifies the
significance of each mode. A small number of modes usually oc-
cupy a large percentage of the total weights. The thermal defor-
mation process is then described by these dominant modes. The
remaining insignificant modes are discarded.

3 Robust Thermal Error Modeling
Robustness of a thermal error model refers to the applicability

of the derived model under different working conditions than
model training conditions. Temperature sensor locations play a
vital role in determining the robustness of a thermal error model
�7�.

3.1 Temperature Sensor Placement. Thermal modal analy-
sis provides a systematic method to characterize the thermal be-
havior of a machine tool by using several dominant modes. To
capture these modes, temperature sensors have to be mounted on
the machine tool. In simulation, it might be possible to compare
the effects of the temperature collected at different locations based
on mathematical models. In practice, however, it is time-
consuming, and sometimes almost impossible, since some loca-
tions may not be accessible, while others might not be appropriate
for temperature sensor placement. Moreover, temperature reading
is generally not very sensitive to the locations because of the
smooth distribution of the temperature field. In other words, tem-
perature sensors within certain area play the similar role, not mak-
ing much difference in the derivation of thermal error models.

Guidelines are thus desired to efficiently identify the potentially
significant sensor locations for developing thermal error models.
The guidelines are proposed based on the thermal modal analysis;
therefore, it is physically meaningful. Similar to dynamic modal
analysis, it is always desirable to place the temperature sensors
away from the nodes of the target mode; otherwise no useful

Fig. 5 Simulation and modeling results of the spindle model

Fig. 6 Linear extrapolation examination of the thermal error

model
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nformation is collected for that mode. By placing the temperature
ensors close to the extreme values of the dominant temperature
elds and close to the heat sources, the dominant thermal modes
re acquired, the multicollinearity �7� of the collected temperature
s reduced, and the signal-to-noise ratio of the collected tempera-
ure data is enhanced as well.

Another advantage of this strategy is cost-effectiveness. Once
ensors are mounted on the machine tool structure, it is difficult to
emove them. The conventional temperature sensor selection
ethod, however, requires a large number of sensors to be
ounted in the first place so that the accuracy and robustness of

he thermal error models could be improved �19�. The proposed
ethod provides an alternate way to place temperature sensors.
nly if the number of sensors is not enough, i.e., the number of

epresentative thermal modes cannot fully describe the thermal
eformation process, additional sensors are then mounted to cap-
ure more thermal modes. By doing this, the number of tempera-
ure sensors is under proper control.

3.2 Thermal Error Modeling. Temperature sensor locations
re determined following the guidelines based on the thermal
odal analysis. Thermal error models are then derived to relate

he temperature collected at these locations to the thermal defor-
ation. Thermal errors of machine tools are generally divided into

wo categories, position independent and position dependent �4�.
osition independent thermal errors, merely functions of tempera-

ure, include the thermal expansion of the spindle. Position depen-
ent thermal errors are functions of both temperature and axial
ositions, such as linear displacement accuracy along an axis. In
his regard, different model forms are utilized to describe those
hermal errors, respectively.

The regression model using a least squares estimation �4� is

Fig. 7 Frequency sensitivity examination of the thermal
Fig. 8 Experimental setup for spindle thermal expansion

61006-4 / Vol. 130, DECEMBER 2008
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employed in this paper to describe the thermo-elastic relationship
due to its simple structure and better extrapolation when com-
pared with other modeling methods such as artificial neural

or model: „a… T=20 min, „b… T=40 min, and „c… T=10 min

Fig. 9 Experimental results of test 1: „a… spindle speed, „b…
err
spindle expansion, and „c… temperature variations
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etworks.
The formula for position independent thermal errors is in the

orm of

E�t� = �
i=1

N

�iTi�t� �12�

here E�t� denotes the thermal errors, t is time, and N is the
umber of temperature sensors.

The position dependent thermal errors are formulated as

E�x,t� = �
i=1

N

��0i + �1iP�x� + �2iP
2�x� + ¯ �Ti�t� �13�

here P�x� is the position of the corresponding thermal errors.
In Eqs. �12� and �13�, thermal errors, E�t� and E�x , t�, are in

inear relationship with respect to temperature variation, T�t�,
hich guarantees the extrapolation ability as long as the models

re consistent with the data and knowledge of the problem set-
ings. Equations �12� and �13� can be further rearranged in the

atrix form of

�E� = �T��B� �14�

here �T�= �T1�t� , . . . ,TN�t�� is the temperature matrix, which col-
ects the temperature data captured at different time, and �B� is the

ig. 10 Measured and modeled results of the spindle
xperiment

Fig. 11 Spindle speed, measured and predict

test 2 and „b… test 3

ournal of Manufacturing Science and Engineering
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coefficient matrix. �B� can be computed by linear least squares
estimation

thermal errors for robustness verification: „a…

Fig. 12 Temperature variations after each test: „a… test 1, „b…
test 2, and „c… test 3
ed
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�B� = ��T���T��−1�T���E� �15�
Model training is necessary for the estimation of coefficient
atrix, �B�. During the training, the heat flux inputs are intention-

lly imposed, while temperature variations and thermal errors are
imultaneously collected. In order to justify the robustness of de-
ived thermal error model, linear extrapolation and frequency sen-
itivity are investigated, respectively. Linear extrapolation is im-
ortant since it helps reduce the time for the machine
haracterization and model training. The significance of frequency
ensitivity �19� is largely due to the periodicity of machine opera-
ions, which causes cyclic thermal loads.

Numerical Simulation
In this Section, a machine tool spindle model, as shown in Fig.

, is used to illustrate the proposed temperature sensor placement

ig. 13 Weight distributions of the first three thermal modes:
a… sensor 1, „b… sensor 2, and „c… sensor 3

ig. 14 Z-axis structure of an EDM machine „Courtesy of Sod-

ck Inc., Schaumburg, IL…

61006-6 / Vol. 130, DECEMBER 2008
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strategy and thermal error modeling method. There are nine can-
didate temperature sensor locations along the spindle, indicated by
the number above the spindle. The heat input, Q, is assumed to be
generated by the spindle motor at the fixed end. Heat exchange
exists between the spindle surface and the environment through
heat convection. Thermal expansion, 
, occurs at the free end. The
geometric parameters and material properties of the spindle model
are listed in Table 1.

In order to perform the thermal modal analysis, a finite element
model was built. The spindle was divided into 22 elements. By
thermal modal analysis, the first four thermal modes with the time
constants and the corresponding temperature field distributions are
shown in Fig. 2. The magnitudes of the temperature for each mode
are normalized. A steplike heat flux was imposed to estimate the
modal thermal load and the time constant of each mode. The
weight of each mode was then computed according to Eq. �11�,
and the weight distribution is plotted in Fig. 3. The first three
modes contribute more than 90% of the total weights. Tempera-
ture sensors are then located for these three modes. According to
the proposed temperature sensor placement strategy, one tempera-
ture sensor is placed at x=0.1 m for thermal modes I and II and
another one is at x=0.5 m for thermal mode III. For thermal mode
I, the sensor is such mounted to approach the heat source as
closely as possible since the temperature distribution is relatively
uniform. For thermal modes II and III, the sensors are placed
around the locations of extreme temperature magnitudes.

The spindle expansion was simulated with the randomly gener-
ated heat input shown in Fig. 4. Initially the spindle was at the
uniform temperature of 20°C. The temperature variation at loca-
tions 1 and 5 and the thermal expansion at the tip of the spindle
were collected. Following the procedures in Sec. 3.3.2 a position
independent thermal error model was derived to describe the re-
lationship between temperature variation T�t� and thermal expan-
sion 
�t�.


�t� = 3.74T1�t� + 7.36T5�t� �16�

where T1�t� and T5�t� represent the temperature variations at lo-
cations 1 and 5. The simulation results and modeling results are
compared in Fig. 5. Excellent agreement has been achieved be-
tween the simulation and modeling results.

In order to examine the robustness of the derived thermal error
model, two tests were conducted. In the first test, which spanned
2 h, the first hour of data was used for model training and the
remaining hour of data was used for model verification. Results
are shown in Fig. 6. The derived thermal error model is reason-
ably robust in the sense of linear extrapolation, though the mod-
eling results deviate slightly from the simulation results in the
second hour. In the second test, heat inputs with different frequen-
cies were generated. The one with a period of 20 min, shown in
Fig. 7�a�, was used to train the model. Two additional heat inputs
with periods of 10 min and 40 min, as shown in Figs. 7�b� and
7�c�, respectively, were used for verification. The results suggest
that the derived thermal error model is still robust, despite the heat
input frequency variations with either higher or lower frequencies.
The above two evaluations of model robustness indicate that the
proposed temperature sensor locations have already captured the

Fig. 15 Weight distribution of thermal modes for the Z-axis
unit
essence of the thermal deformation process.
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Experimental Verification
Two experiments were conducted to validate the proposed ther-
al error modeling strategy: one on a spindle of a horizontal
achining center and the other on the Z-axis unit of a die-sinking

lectrical discharge machining �EDM� machine �Sodick AQ55L�.
osition independent thermal errors �i.e., thermal expansion of the
pindle in the horizontal machining center� and position depen-
ent thermal errors �i.e., linear displacement accuracy along the
-axis of the EDM machine� were analyzed, respectively.

5.1 Position Independent Thermal Error Modeling. Figure
shows the experimental setup �13� on the spindle of a horizontal
achining center. The spindle is driven by an ac motor. Spindle

nalyzer was used to measure the thermal expansion of the
pindle. Thermistors were employed as thermal sensors in this
esearch. Three temperature sensors were mounted on the spindle
ousing based on the numerical simulation results in Sec. 4.

One test was carried out at the programed spindle speed, as
hown in Fig. 9�a�. The spindle was warmed up for 20 min, rested
or 15 min, and then warmed up for another 20 min, rested for
5 min. The total warm-up time is 40 min. Figures 9�b� and 9�c�
how the measured spindle expansion and temperature variations,
espectively. Temperature readings of sensor Nos. 1 and 2 were
tilized for the thermal error modeling. The results as well as the
esidual errors are shown in Fig. 10.

Another two sets of tests were conducted to evaluate the robust-
ess of the thermal error model. The spindle speeds are shown in
ig. 11. The only difference of spindle speeds between the train-

ng and verification tests is that the duration of warm-up period,

ig. 16 Temperature field distributions of the dominant ther-
al modes „front view of the column…: „a… mode 1, „b… mode 3,

nd „c… mode 4
ompared with Fig. 9�a�, is shorten �Fig. 11�a�� or elongated �Fig.

ournal of Manufacturing Science and Engineering
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11�b�� by 50%. The trained model by the first test was used to
predict the thermal errors in the two verification tests. The mea-
sured and predicted thermal errors are also shown in Fig. 11.

It can be seen from the experimental results that most of the
spindle expansion has been described or predicted by the derived
model. However, the model does not work well during the cool-
down periods. The reason might be that the FEA of the simplified
spindle model does not take into account the inner structure of the
spindle. The heat source is not merely from the heat generated by
the ac motor but from the friction of the spindle bearings as well.
It is believed that a more detailed computer-aided design �CAD�
model would enhance the FEA results and improve the accuracy
of the thermal error model.

To unveil the practical existence of thermal modes, the tem-
perature variations after each test, shown in Fig. 12, were col-
lected at the three locations. These curves were separately fitted
by a function of the following form:

T�t� = A1�1 − e−t/�1� + A2�1 − e−t/�2� + A3�1 − e−t/�3� �17�

where each term corresponds to one thermal mode, �1, �2, and �3,
are the time constants, and A1, A2, and A3 are the weights for the
three thermal modes, which are assumed to govern the thermal
process. The time constants were estimated to be �1=363.6 min,
�2=61.7 min, and �3=27.0 min. The weight distribution of each
mode for the three tests is shown in Fig. 13. For each sensor, the
weight percentages of three modes under different working con-
ditions are relatively consistent, indicating that the use of weight
to distinguish thermal modes is practically meaningful and fea-
sible. Admittedly, the boundary conditions during warm-up and
cool-down periods are slightly different, but the fact that several
modes dominate the thermal expansion process has been
illustrated.

5.2 Position Dependent Thermal Error Modeling. To
verify the proposed thermal error modeling strategy for position
dependent thermal errors, the Z-axis unit of an EDM machine, as
shown in Fig. 14, was used. The Z-axis is driven by two linear
motors with a linear scale as the feedback device. The column is
made of alumina ceramics. The total length is 890 mm. The front

Fig. 17 Temperature sensor placement on the front surface of
the Z-axis unit
width is 125 mm, and the side width is 122 mm. The travel range

DECEMBER 2008, Vol. 130 / 061006-7
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f the Z-axis is 320 mm.
Thermal modal analysis was performed to determine the domi-

ant modes. The heat sources are assumed to be from the heat
enerated by the linear motor coil and the friction of bearings.
eat exchange occurs between the surface of the Z-axis column

nd the environment via heat convection. The weight distribution
f thermal modes is shown in Fig. 15. Modes 1, 3, and 4 are the
hree dominant thermal modes. The corresponding temperature
eld distributions are shown in Fig. 16. Based on the temperature
eld distribution of those dominant modes, three temperature sen-

Fig. 18 Comparison of thermal error mo
ering the position effects: „a… model train
Z=160 mm, „c… model verification at Z
=160 mm

Fig. 19 Linear positioning errors along Z-axis mo
model training and „b… model verification
ors were mounted in the front surface of the Z-axis column and

61006-8 / Vol. 130, DECEMBER 2008
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the locations are illustrated in Fig. 17.
To derive the thermal error model, the Z-axis unit was warmed

up by continuous movement. The positioning errors along the
Z-axis, Dzz, were measured by using a laser interferometer. The
zero position of the Z-axis is assumed to be constant throughout
the test. Temperature was collected by the mounted temperature
sensors during the test. A total of 24 sets of positioning accuracy
data was also collected. These 24 sets of data was divided into two
groups; one group of 16 sets for model training and the remaining

training and verification without consid-
at Z=320 mm, „b… modeling training at

0 mm and „d… model verification at Z

l training and verification with residual errors: „a…
del
ing

=32
de
8 sets for model verification.
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The thermal errors at two positions, the far end, Z=320 mm,
nd the middle of the Z-axis, Z=160 mm, were first investigated.
wo separate position independent thermal error models were de-
ived without taking into account the position factors. The model
raining and verification results are shown in Fig. 18.

After considering the interactive influence of both temperature
nd position, a position dependent thermal error model according
o Eq. �13� was then derived for the linear displacement accuracy
long the Z-axis.

E�z,t� = �0.486 − 0.306T1�t� − 0.081T2�t� − 2.420T3�t��

+ �0.014P�z� − 0.002P�z�T1�t� − 0.008P�z�T2�t�

− 0.100P�z�T3�t�� �18�

here T1�t�, T2�t�, and T3�t� are the temperature readings and P�z�
epresents the nominal position along the Z-axis as indicated by
he EDM machine. The coefficients in Eq. �18� were estimated by
sing linear least squares method based on the 16 sets of training
ata. The modeling results and residual errors are shown in Fig.
9. In the model training and verification plots, the dots and the
urface denote the measured and modeled thermal errors, respec-
ively. It can be seen from the plots of the residual errors that the
inear positioning errors are reduced to −0.5–0.5 �m range.

Generally speaking, the proposed thermal error modeling strat-
gy shows significant improvement in modeling both position in-
ependent and position dependent thermal errors.

Conclusions
In this paper, a robust thermal error modeling strategy through

he thermal mode concept was presented. Finite element analysis
as utilized to determine the time constant, weight, and tempera-

ure field distribution of each thermal mode. Temperature sensors
ere then allocated to capture the dominant thermal modes of the
eat transfer process. By doing this, the essence of the thermo-
lastic relationship is acquired. Linear regression models were
mployed to describe both position independent and position de-
endent thermal errors. Numerical simulation and experiments
tilizing a spindle and an axis unit were conducted to reveal the
xistence of thermal modes and the feasibility of the modeling
ethod. The effectiveness and robustness were also demonstrated

n terms of linear extrapolation and frequency sensitivity.
The approach described above relates the theoretical thermal
odal analysis framework with the conventional empirical ther-
al error modeling methods, practically facilitating thermal error

ompensation techniques. In addition, it provides an efficient and
ost-effective temperature sensor placement scheme. A significant
mount of time and effort could be saved during the machine tool
hermal error model training process by utilizing this methodol-
gy. Finally, the accuracy of the derived models could be further
nhanced by including additional significant thermal modes.
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